This paper deals with the change of some aggregate structural indicators in Chile over the 20-year period 1996-2015. We first produce an accounting growth decomposition to assess the changes in the contribution of capital productivity, capital intensity and labour participation to the growth rate of output per capita as well as the growth rate of labour income participation in national income. We then combine an accounting growth decomposition with a standard production function growth accounting to assess the contribution of both capital productivity and capital intensity to total factor productivity (TFP). To complement the latter, we produce optimal estimates of incremental capital productivity and incremental income elasticity to capital by means of a linear programming exercise. Our main conclusion is that capital intensity, rather than capital productivity or labour participation, has been the main growth contributor. TFP has contributed in a decreasing way from positive to negative over our sub-periods, so adding to and subtracting from GDP growth over time, with the main positive contributor to TFP growth systematically being a proportion of capital intensity.
Introduction
There has been a good deal of macroeconomic studies about Chile's productivity and related issues. These are normally framed in standard production functions, especially the Cobb-Douglas, via growth accounting (Denison 1993 , Hulten 1992 , under the assumption of constant returns to scale (CRS) and often, implicitly or otherwise, assuming perfect competition with their theoretically convenient marginal conditions. CRS is often imposed in econometrics studies or directly used to calculate the elasticities via some estimation of the actual capital share in GDP from official statistics, which is unwarranted. In turn, the income elasticities of capital and labour are assumed constant over all the target period, which may be unlikely (e.g. Beltran 2017, Fuentes, Larraí n & Schmidt-Hebbel, 2006; Dipres; CNP) . This means that the results necessarily carry a baggage of assumptions that may not tally with the reality of especially relative latecomers and/or countries with unstable growth, let alone those undergoing significant structural change, as has been the case of Chile. This is especially the case over [1975] [1976] [1977] [1978] [1979] [1980] [1981] [1982] [1983] [1984] [1985] , which includes a deep downturn over 1982-85, then a recovery at lower rates over [1985] [1986] [1987] [1988] [1989] [1990] , then after some policy adjustments coming from the newly reestablished democracy, high growth rates over 1990-1997, and after it a slowdown due to internal policy changes and world shocks. All this within a relative stable economic consolidation in a very open economy over the period 1996-2015, which was affected by three foreign shocks: the Mexico crisis of 1994, the Asian crisis of 1997 and the Great Recession with effect from 2008 (Ffrench-Davis, 2018 , 2014 ).
The present paper attempts an aggregate viewpoint that is more founded on empirical patterns than theoretical assumptions and may complement alternative approaches. This is a quantitative paper that deals with structural indicators that are mostly based on definitional accounting, rather than functional, relationships. The point is to produce useful decompositions of growth rates by means of discrete first differences. And then observe compositional contributions to the actual growth rates as well as to total factor productivity (TFP), among other relevant items. The paper structure is as follows. First, we produce a definitional accounting growth decomposition via first differences to assess the changes in the contributions of capital productivity, capital intensity and labour participation to the growth rate of output per capita over the said period. We also produce a decomposition of the growth rate of labour-income participation in national income via the difference between the growth rates of average wages and average labour productivity. Second, we combine a definitional accounting decomposition with a standard growth accounting decomposition of a production function to assess the contribution of both capital productivity and capital intensity to the total factor productivity growth rate (G TFP ). Then we produce aggregate estimates of the optimal productivities of incremental capital over this 20-year period by means of a linear programming exercise to complement the above. This latter approach may reduce the difficulty of assessing idleness, as capital formation is related to optimal output directly (Albala-Bertrand 2010) (1) . From here, a value for the optimal incremental income elasticity of capital can be derived, which can give us an idea about the level and variability of the marginal elasticity of capital used in standard production functions. All our basic data comes from official Chilean sources, unless otherwise indicated (2) .
As a general conclusion, we show that the growth contribution of capital productivity has been becoming small and/or negative, and that of labour participation positive but secondary to capital intensity. The latter has taken the bulk of supporting both GDP growth and total factor productivity. This does not necessarily mean that GDP growth has relied on the quantity rather than the quality of resources and production, as behind capital intensity are changes in human capital, organization, adaptations, technical efficiency and the like. So it has not just been physical capital, but the important changes in economic and social structure required to use it and absorb it.
General Background
The context for our results can be seen via the 3-year average values of some key variables for both 1996 and 2005. Table 1 . Basic data for beginning and end of the period (3-year moving averages) Table 1 shows, in 3-year averages, the state of some economic indicators at the beginning and end of our focus period. The growth rates of GDP, investment (GFCF), net capital stock (Knet), population (N) and secondarily employment (L) significantly fell (or were negative) by 2015. In turn, the investment coefficient (I/Y) significantly increased with secondary increases in the capital accumulation rate (I/K), and also in the proportion of labour employed-to-active population (L/Na) as well as the proportions of both active population-to-total employment (Na/N) and employment-to-total population (L/N). The capital-output ratio (K/Y) increased, indicating that its inverse, the average productivity of capital, fell. So this shows a mixed bag, which can be attributed to a combination of international conditions, endogenous structural change and important policy reforms, especially those starting around 2015 (Ffrench-Davis 2018).
Discrete Growth Decomposition Analysis
A definition of output per capita, Y/N, can be decomposed as:
Where Y: output, N: population, K: net capital stock, and L: Labour. That is, output per capita is equal to the product of capital productivity (Y/K), capital intensity (K/L) and labour participation (L/N). The latter split into employed labour-to-active population and active population-to-total population. Calculating the first difference of (1), dividing by (Y/N) 0 and manipulating to transform all terms into growth rates, we get: Vol. 11, No. 8; 2018 This shows that the discrete growth rate of income per capita is equal to the addition of the growth rates of its four components plus their interactive terms. If we proportionally distribute the interactive terms into the three basic growth rates, as we do in the calculation later, we preserve the accounting identity and get:
Where G' indicates that the interactive terms have been incorporated to the growth rates, as mentioned above (3) . Notice that the addition of the first two terms on the right hand side of equation (3) is equal to the growth rate of labour productivity G' Y/L , which we use below. Similarly, we can have a measure of the evolution of the change rate of the wage share in GDP by means of making W/L = (W/Y)(Y/L), or the wage rate equal to the wage share times labour productivity (where W: total real wages). Applying the same procedure as above, we end up with
That is, the growth rate (or rate of change) of the share of wages in GDP is equal to the growth rate of the average wage minus the growth rate of the average productivity of labour. Notice also that the growth rate of the share of wages in GDP would correspond to the growth rate of the average labour-unit cost of the economy. 
) and the proportion of active population-to-total population (G' Na/N ) to the growth rate of income per-capita (G Y/N ). In other words, the former four represent the contribution in terms of percentage points (pp) to the latter, so they add up to the value of the latter. As a whole, the capital productivity (Y/K) contribution has been negative, except for 2001-05 where is slightly positive, becoming a negative contributor to the growth rate of GDP per capita over the whole period, which made the productivity of labour fall too (i.
This is consistent with the declining or constant optimal incremental capital productivity as shown in the Appendix. Capital intensity (K/L), however, represents the most important contributor to the GDP per-capita growth rate, representing for the whole period around 70% of the positive contributions to such a rate. This means that it has also been contributing to compensate for the decline in capital productivity. The remaining 30% of the rate has been carried by both employed labour participation (L/Na) and active population participation (Na/N). Does this mean that it is the quantity rather than the quality of resources that appear to be largely the driving force behind the growth of output? To help sort out such question, we turn to our proposed decomposition of total factor productivity in the next section. But before let us have a look at labour-income participation in total GDP, which is represented in growth rates in the last three columns of Table 2 above.
Three important observations come from such data. First, the growth rate of the average real wage of the economy (or real wage rate) has been systematically increasing over the sample period. Second, the productivity of employed labour
has been positive all along, representing some 65% of the growth rate of GDP per capita, mostly on account of capital intensity, as shown above. And third, the previous two rates have on the whole made the growth rate of labour-income participation in GDP about even for the whole period, which is consistent with other sources that show a wage participation in value added of around 42% over this period (Banco Central, 2016) . In other words, the gains in labour productivity have been proportionally passed to labour income on the whole, but not in a stable manner. The 1996-2000 period shows that this transfer falls significantly short of it, then improving but still negative over the 2001-2005 period, and then showing a positive but declining excess over the last two periods. This also mean that the average labour-unit cost (or wage cost to produce one unit of GDP), which is another way to look at the employed-labour income share in GDP has been about constant over the whole period. The text recommendation is that average wages should grow at the same rate as labour productivity. If income distribution was not an issue, i.e. if the Gini coefficient or any other measure shows low levels of inequality, then the result above would be of little concern, as long as it was systematic. But in the case of Chile, where inequalities are high (Casen, OECD) , this result is troubling as it may show a persistence of inequality. Of course, labour productivity should grow at higher rates to secure a stable reduction in inequalities, but causation may also run the other way, i.e. higher wages may stimulate higher productivity (Taylor, 2004; Peach & Stanley, 2009 ).
The analysis above accounts for the evolution of some important structural contributors to the growth of the Chilean economy up until 2015. The significant reforms that started in early 2015, which also created significant political opposition and conflict, together with a deep slip in international commodity prices (notably copper, still the main Chilean export) did upset the economy and its GDP growth rate up until the time of this writing (Ffrench-Davis, 2018) . The reforms however are only likely to start consolidating and delivering their aims over the medium term.
A Decomposition of Total Factor Productivity (TFP)
If we combine an accounting decomposition of the growth rate of labour productivity (equation 5) with a standard production function growth accounting (equation 6), we can then derive a decomposition of TFP.
Where and (implicitly) are the income elasticities of capital (K) and labour (L), respectively, while takes the slack for ++= 1. This means that if = 0, then the economy would be under of constant return to scale (CRS). In turn, if < 1, then the economy would be under increasing return to scale (IRS), and if > 1, then the economy would be under decreasing returns to scale (DRS). So if we equalize (5) and (6) and solve for G TFP , after manipulating we obtain:
Where
when the yearly G L is small, which is normally the case. So given that G' K has been positive and relatively large over our target period, then if the economy exhibit increasing returns to scale, i.e. < 0, assuming an unchanged , G TFP will be smaller than under constant returns to scale (CRS). So unless the economy exhibits decreasing returns to scale, which is highly unlikely, this means that TFP under CRS should be considered as an upper limit, ceteris paribus. In the table below we assume CRS (i.e.= 0) under the above considerations. We first assume  = 0.5, which seems to be the standard approach in Chile (Beltran 2017 , Fuentes et al., 2006 Dipres; CNP) . That is, they use some calculation of the share of capital income in GDP in lieu of the elasticity, which as indicated above may be unwarranted on the grounds that this implicitly assumes perfect competition, and explicitly assumes a constant elasticity over the whole period. In addition, CRS might not be an appropriate assumption in all periods. The latter means that under IRS the values for TPF below are bound to be smaller, as capital and labour are assumed to have enhanced themselves endogenously, being pulled by productive and organizational changes, reducing therefore the role of the exogenous TFP. We then produce an eclectic alternative elasticity by simply averaging the capital-share value of 0.5 with our optimal incremental elasticities from our method in the Appendix (Table A1) Table 3 shows the value of the growth rate of TFP (G TFP ), decomposed into the growth rates of capital productivity (G' Y/K ) and that of a fraction of capital intensity (G' K/L ). This decomposition, which we propose, shows that TFP growth (positive or negative) has mostly relied upon positive values for capital intensity, rather than capital productivity. Notice also that now G TFP can be calculated directly rather than as a residual, which also means that is not quite the "coefficient of our ignorance", as it depends on known and quantifiable variables.
What is behind such variables is however something more trying, just as what is behind of any macroeconomic variable, as we clarify below.
Recall that TFP theoretically represents anything that cannot be attributed to the growth of physical capital and labour of the same proportional productive quality or capacity
. So we call TFP any effect on income that goes beyond such a proportion. This then means that the growth of capital productivity above represents the rate of change in the embodied quality of physical capital and the disembodied architecture and organization to deploy it (including scale economies, technical efficiency, socio-political conditions, etc), while the growth of capital intensity represents changes in human capital (education, training, nutrition, health, motivation, working milieu, etc) and their socio-economic conditions and adaptations to work efficiently with both more capital and new technology. Both contributions are interrelated, but changes in capital levels and technology, whether motivated by competition, catching up, sectoral shifts, learning by doing and so on, are likely to drag and pull a good deal of the way labour is enhanced and deployed (6) . If this is so, then a good deal of fast capital accumulation represents actually important social and economic qualitative changes, which are encapsulated under the heading of total factor productivity and/or increasing returns to scale.
Under the above assumptions for *, in terms of averages since 1996, the growth rate of TFP has contributed to the growth of GDP per worker only 0.1% a year. This being positive, but low, in the first two periods, while negative in the last two periods. This is around the results in terms of TPF growth average and trend from other studies, which vary significantly between authors and studies, as shown in note 4 . The explanations for it are controversial, but there appears to be some acceptance that the significant slowdown after 1995 coincided, first, with the Asian crisis and the abandonment of countercyclical policies; second, with the World Recession and the necessary ensuing adjustments; and third, with the unavoidable upset brought by long-delayed economic reforms that started at the beginning of 2015 (Ffrench-Davis, 2018) . And all along there were pretty unstable, small and negative GFCF growth rates, especially towards the end of our period (Banco Central).
It is apparent from the data that despite the assumption of a constant elasticity of capital, the TFP contribution to the growth rate of GDP has been variable over time. It is however likely that the elasticity of capital has been moving together with their productivity, following the optimal incremental elasticity of it (see Appendix). But it may also be the case that overall capital elasticity was higher than 0.5 on account of likely increasing returns to scale (IRS), especially in the period of strong positive reforms, which came together with the restoration of democracy after 17 years of dictatorship (i.e. 1991-1997) . If IRS is considered, this would have likely produced some significant differences for the TFP contribution to the growth rates, making it smaller over such a period. This simply means that focusing on TFP, while ignoring the possibility of IRS and the level and variability of elasticities, is likely to be misleading, especially for comparisons over time, let alone across countries.
Conclusion
We started by decomposing the actual growth rate of GDP per capita into the growth rates of capital http://ibr.ccsenet.org
International Business Research Vol. 11, No. 8; 2018 productivity, capital intensity and labour participation. It shows that the most important positive contributor has been capital intensity, which for the whole period represents around 70% of the per-capita GDP growth rate, compensating for the negative contribution from the growth rate of capital productivity. In turn, labour participation has been contributing some 30% of the growth rate of GDP per capita.
We then propose a decomposition of total factor productivity (TFP) by combining an accounting decomposition with a standard production function growth accounting. The result is that the contribution to TFP growth can be separated into the growth of capital productivity and a fraction of the growth of capital intensity. Assuming CRS and using a combination of the standard elasticities used by other authors and our incremental optimal elasticities (see Appendix), we showed that the growth of TFP has been unstable and relatively poor or negative. Over the whole period, on average, TPF growth has no contribution to GDP per-capita growth rate. That is, despite that capital intensity has positively contributed to the TFP growth rate, the capital productivity growth rate has negatively contributed to it, undoing the former. In our example, 31% of the growth rate of capital intensity is actually contributing to TFP growth, which has been compensating for the negative contribution of capital productivity to it. The aim here was also to show that it seems unlikely that the marginal capital elasticity is actually constant over time, and also that capital elasticities may be larger than the ones normally used in production function studies in Chile.
Finally, recall that TFP, theoretically, represents anything that cannot be attributed to the growth of physical capital and labour of the same proportional productive quality and conditions. The growth of capital productivity represents the rate of change in the quality of physical capital and its production environment, while the growth of capital intensity represents changes in human capital and its socio-economic conditions and adaptations to work efficiently with both more capital and new technology, these two growth factors acting in strong interrelation. So qualitative changes especially associated with the latter seem to have been important, despite the negative TFP growth contribution from the former.
Notes
(1) We proposed and applied this method, which we termed OCM (optimal consistent method), to OECD and Latin American countries, showing comforting levels of accuracy between our capital stock series and those coming from other studies and official sources (e.g. Hofman 2000; OECD 2001), despite the use of significantly less data (see Albala-Bertrand, 2010 ). In addition, Hao (2006 Hao ( , 2004 compared results from the OCM for China and other existing capital series for China showing similar levels of accuracy. In contrast to other methods, the OCM takes account of measures of the productivity of capital and output at optimal levels, which are integrated into the estimation method itself. This in addition contributes to dampen productivity fluctuations due to actual capital use or idleness, which may improve the estimate of a capital stock benchmark (see Appendix).
(2) That is, the basic data on GDP, GFCF, and price indices/deflators, comes from the Central Bank of Chile; data on population, labour force, employment, wages comes from the National Institute of Statistics of Chile; while regular studies about productivity come from the Budget Directorate (Dipres) of the Ministry of Finance, and capital stock series and depreciation from particular studies carried by staff of such institutions (Fernandez & Pinto 2017) . All monetary data has been made constant to 2008 prices, unless otherwise indicated and all series are smoothened into 3-year moving averages to prevent the undue influence of rogue years.
(3) When using the logarithm transformation to produce continuous growth rates, the interactive terms are lost, which may produce some statistically significant differences from actual data, especially over the longer term, and even more if the growth rates are large. So we simply stick to discrete first differences.
(4) Of course, the estimation of TFP is a cottage industry, so other authors produce elasticities significantly different from the ones used here, showing a large variability between them. For a comprehensive reporting on them, see Beltran (2017) . Among such sources, every year, the Ministry of Finance via Dipres (Budget Directorate) produces a set of given aggregate statistics that include TFP. They ask a number of known economists (between 15 and 19) to produce a forecast for the next 6 years, starting with the year in question. By the time of the reports, the latter is already in August, so it is meant to be rather accurate for this year.
The results for the TFP contribution to GDP growth rates for this year, let alone the forecast ones, have wide varieties, to the point that the two extreme values are removed. For example, for 2009 the TFP range is -0.9 to -3.91, for 2012 is -0.72 to 1.50, for 2015 is -1.6 to 0.7, and so on. At the beginning of the report the economists are mentioned with a number and their full names. In the stats reporting, however, you have only the number and the estimation associated to that number with a clear footnote that warns the reader that the number here does not correspond to the number associated to the economist name. In other words, the participants are so fully aware of the inaccuracy of results that prefer to keep their names confidential. But also it is a more honest exercise, as it avoids both collusion and public pressure, if not mockery. Our paper results fall well within the said variability. But the point is to show a TFP decomposition and in passing the possible difference between using CRS and IRS, whatever the initial levels of elasticities. The use of only two factors is sometimes called multifactor productivity (MFP), rather than total factor productivity (TFP). But as all the referred sources call it "TFP", we stick to it in this paper.
(5) That is to say that given a constant elasticity of capital (or labour), any additional percent increase in the factor, will produce exactly the same proportional effect on income as any previous percent increase of that factor, decreasing returns notwithstanding. Physical capital growth, via investment, is counted at the cost of production or its market value, and that of labour in employment levels, whether in number of hours or that of individuals. This has little to do with the productivity of capital or labour, which is then, in growth terms, encapsulated in a fixed elasticity over time.
(6) This is what is sometimes called technological change, i.e. a societal concept, as distinct from technical change, i.e. mostly an engineering concept. So it is rather misleading to claim that persisting high GDP growth rates in some countries (e.g. China, South Korea, etc.) are mostly due to brute quantities, rather than qualitative changes (i.e. the "perspiration" vs "inspiration" tagging). The other normal claim is that as soon as these gains are fulfilled, this type of TFP is exhausted. But this ignores that, on the one hand, this type of TFP sets a high platform for endogenous innovation and, on the other, even if that was not the case, countries can lock to the TFP of developed countries via imports of technology and know-how, a pattern associated with globalization. A mixed of these two is of course more likely.
(7) Linear programming is an empirical technique that optimizes an objective function via its defining parameters, subject to given inequality constraints, by means of the Simplex method (Hess, 2002) . For the optimization, we use the GAMS (General Algebraic Modelling System) software. We estimate our optimal parameters over 5-year periods, so we assume them constant at optimal level, over such periods. The constancy of capital-output ratios, especially at optimal levels, is a reasonable assumption, which can come about either via correcting capital series by removing idle capital (which is hardly straightforward) or by optimizing the productive capacity of uncorrected series of capital or investment over the target periods, as we have done here (Albala-Bertrand 2010). We also assume that capital is the dominant factor of production, in the sense that it drags or pulls the other factors in the economy. This is standard assumption, explicitly or not, in many growth models and empirical models, e.g. Harrod-Domar model or the AK endogenous model, among others (Thirlwall, 2011; Taylor, 2004; Aghion & Howitt, 1998; Blades, 1993; Jones,1975) , which should be acceptable, especially when focusing in shorter periods, and also when labour availability does not seem to be a constraint, as in Chile over our target period. Table A1 . Optimal Levels of Incremental K-Productivity, Average K-Productivity and Income Elasticity to Capital Table A1 shows the optimal incremental and average capital productivities, and the optimal income-to-capital elasticity (9) from 1996 to 2015, split in 5-year periods. It shows that incremental capital productivity has fallen towards 2015, after an increase in [2001] [2002] [2003] [2004] [2005] . This also shows that the average capital elasticity over the whole period is around 0.9, with a larger average over 1996-2005 of around 1.0, decreasing to around 0.8 towards 2006-2015. The importance of this is simply that (i) it seems unlikely that the actual economy, as distinct from a theoretical production function, exhibits a blanket constant marginal capital elasticity, (ii) the marginal capital productivity may be larger than the ones normally used, and/or (iii) constant returns to scale may be too strong an assumption. The standard approach is first to assume constant returns to scale, but increasing returns may also be an acceptable proposition, especially when developing countries grow fast in some periods; second, to assume that capital elasticity can be replaced with the capital share in total income, so implicitly assuming perfect competition, which may be highly unlikely; and lastly the use a of a blanket constant elasticity over the whole period, which may be unwarranted.
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